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Abstract

We establish the inequality

o(5ma+ 22[11)) < shpla) + %cp(b) = X (2 ™)e(1%52])], where ¢ is superquadratic and

. . n__
prove a more general inequality where 2%, 22n !

a+ B =2" n €N, the latter is extended to the case where o + 8 # 2", n € N.

and are replaced by 53 and 2% respectively, with
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1 Introduction

The discrete version of Jensen’s inequality for functions is given in [1,p 1] as

Bl opim) < o D pio(es), (11)
™ oi=1 "oi=1
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where ¢ is a convex function defined on an interval [ in R, (z1,...,2,) € I"(n > 2) and (p1, ..., pn)
is any non-negative n-tuple satisfying P, = Y, pi > 0.

Definition 1.1. [2] A function ¢ : [0,00) — R is superquadratic provided that for all > 0 there
exists a constant P, € R such that

e(y) = o(x) + (y — 2) P + ¢(|ly — =) (1.2)
for all y > 0.

By replacing the convex function with superquadratic function in (1.1) [1, Lemma A], we obtain;

1 <« 1 1 < 1 <
@(E lezxz) < an lezso(«’ﬂz) - an Z;pzso(’wz - an lejij, (1.3)
1= 1= 1= J:

for x;,ps > 0,i=1,...,nand P, =" p; > 0.
The equivalent continuous version of (1.3) is given in [2] as

@q}wOS/WU@»—wU@—fmmwmw, (1.4)

for all probability measures p and all non-negative, p-integrable functions f.

The inequality (1.4) is referred to as the refined continuous Jensen’s inequality.

In [2, Theorem 2.3], the inequality (1.4) was proved to be equivalent to definition (1.1) and

in [3, Theorem 9] the equivalence between (1.3) and definition (1.1) was also established.

We refer the reader to [2,4,5,6] for general properties and some applications of superquadratic
functions .

Definition 1.2. [4] A function ¢ : X — R is said to be superquadratic,
ifVe,y e X
ez +y) +o@—y) > 2p() + )], (1.5)

where X is a real vector space.

With the change of variable, x — y = a and = +y = b, (1.5) becomes

a-+b 1 1 b—a
< = = — . 1.
p(—57) = 5ela) + 50b) — (=5 —) (1.6)
From inequality (1.3) when we set n = 2 and p1 = p2 = 1, we obtain
1 + T2 1 1 T1 — T2
< = — — 1.
(o) = ge(@) + Je@2) —e(l—5—1) (1.7)

From (1.7) one can clearly see that all functions satisfying definition (1.1) also satisfies definition
(1.2) but the converse is not always true even if we restrict the domain of ¢ in definition (1.2) to
R*. For examples see [4].

We refer the reader to [7] for some general properties of superquadratic functions according to
definition (1.2).

Definition 1.3. [8. p 211] Let L be a normed vector space and U C L be a convex set. A function
f:U — R is said to be midconvex if Vz,y € U

r+y
2

FEEY) < J1f@) + ) (18)

An equivalent definition is given for midconvexity using n points, this definition depends on the
notion of rational convex combination of points. We give this equivalent definition for midconvexity
as a theorem.
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Theorem 1.1. [8, p 212]. [ is midconvex on the convez set U C L if and only if for any rational
convex combination of points in U

f(Zaimi) < Zaif(aci), (1.9)

where oi; > 0 for i =1,...,n, ajs are rational and >, a; = 1.

convex functions are continuous on the interior of its domain, while midconvex functions are not
necessarilly continuous and it is clear that convexity of a function implies midconvexity.

Theorem 1.2. [9,Theorem 1.1.4]. Let f : I — R be a continuous function. Then f is convez if
and only if f is midconver, where I is a nondegenerate interval.

2 Main Results

In this paper, we prove a new refinement of the Jensen’s inequality by using definition (1.2) of
superquadraticity, where we allow ¢ to be midconvex but not convex and ¢ is from [0, 00) to [0, 00).

Proposition 2.1. For A\; = 2#”)\2 =2=1 gpnd foralln e N

o
u i b—a
p(hia+A2b) < Xip(a) + dap(d) — > (M2 (| 5 )] (2.1)
i=1
where @ satisfies definition (1.2).
Proof
We establish (2.1) using induction.
For n =1, (2.1) is (1.6).
Fix k € N,k > 1 and suppose (2.1) is true, that is
k_ k_ —a
o5 + 5etb) < gre(a) + Trted) — [0 (=) e (152
Now
a 2" 1 l,a 28 —1
90(2k+1 + k1 b) = 90(5 ok + ok b))
1,a+ (28 —1)b
= S0(5( ok +b))
and so by inequality (1.6),
1ra+ (28— 1)b 1 ,a+(2F =1, 1 1ia+ (28 = 1)b
G5+t < se(—F—) +3¢0) —e(Gl—5— )
1 a4+ (2" —-1)b, 1 b—a
= 92 ( ok ) + iw(b) - SD(‘ 9k+1 ’)

But o(5 + 2’;;117) < srpla) + 22;1g0(b) — [ 35 (GE)e(1%5:2])], from the inductive hypothesis.
ok+1_1

So ap(# + Wb)
k
< sirela) + Lrte®) - X0, () e(| 5

)]+ 30(0) — (555D

Thus
a 2kl 1 okt 1 e b—a
‘P(2k+1 + ok+1 b) < ok+1 cp(a) + W“ﬁp(b) - [Z; (W)‘pﬂ 21 |)]7
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which completes the proof.

Proposition 2.2.

a B
@(Q—naJr 7i0) (2.2)
2 n
6] —a 1 €(n i
< 2 ola)+ Blo zjgnz )+ 3 () (L )],
i=3
where o, B € N such that o + = 2", n — 2, is the number of splits and €(,41—;) is the minimum

of {a, B} before the (n+ 1 —1i) split.

Definition 2.1. For A\; = 5%, 2 = we define a split of ap( a+ 2n) to be

QT

1,aa+ (B—2""10

o1 ).

To demonstrate the techniques in the proof of proposition (2.2), we first consider some examples
for given values of n, a and (.

Example 2.1. We consider the case where n =3, =3 and 8 =5, that is
3a | 5b

P+ = eI+ D)
= oG+ +))
3a+b 1

using the split and (1.6).
From inequality (2.1)

So

1 1:1

o2+ 2) < 2p(a) + 500) + 500) — 52007 52D + (1

—a 3
)] - (]
5 1 b—a 1 b—a

3 3
p(g +73) < ge@+35e0) = [7e(l5= 1) + 3e(l=—7= 1) + e (5[b —al)]
Example 2.2. We consider the case where n =4, a« =5 and 8 = 11, that is
5a  11b 1:5a 11b

w(ﬁ ﬁ) = 90(5[@4-?])
= oI )
< o) 4 200) - ol(olb - al),

using the split and (1.6).

Now from ezample (2.1),

@(5a;3b)g§¢<a>+§w<w—[M > |)+§¢(|b;“>>+w(§|b-a|>]-



Anton & Edward; BJMCS, 10(1), 1-8, 2015; Article no.BJMCS.17068

So
p(CE+20) < ele)+ o) - [50(1 252N + 3o (P2 N)]
— gelgh—a) + 3o~ e(igl—a)

This simplifies to
5a | 11b
e(%5 +5%)

< 150(0)+ 1520 — 5207520 + 32 2] = Ge(glb—a) + e(g5lb—al)):

Proof of proposition (2.2)

If & and B are both even, say 26 = a and 20 = 8 where §, ¢ € Z%, then § + ¢ = 2" ! and so we
only need to prove the result for «, 8 both odd.

Let « =20+ 1 and 8 = 20 + 1, where §,0 € Z* U {0}, so

2(6 + 0 4+ 1) = 2" and therefore o = on—l _§—1.

Without loss of generality let o > 6.

We consider the two special cases, n =1 and n = 2.

Case 1 wheren =1, wehave d =0 =0and a = 3 =1, (n—2) is -1. But we cannot have a negative
number of splits, so we ignore the last expression in (2.2) and summing ¢ from 1 to 1 since n = 1,
(2.2) reduces to

1 b—a

p(za+350) < %w(a) +5¢0) — o= D]

which is precisely inequality (1.6).

Case 2 where n = 2, the number of splits is zero and we have only two odd numbers 1 and 3,

thus we have the expression go(“*fb) to expand.

This is (2.1) a specal case of (2.2) for A\; = 1 and Xz = 2, giving

() < 20(@) + 20(0) - [0 (516 —al) + (5]b— al)]
= Je(@ + Fe0) - [ ()21 752 D)

=1

hence inequality (2.2) is true for the special cases where n =1 and n = 2.

We consider n = 2 as our base point since the number of splits is zero
For any pair of odd numbers «, 8 such that a + 8 = 2",Vn € N;n > 2, the pair «,f is split
recursively until the pair (1, 3) is obtained, which is the base point.

Therefore we use the principle of mathematical induction to establish the result for the split for
n > 3.

For n = 3, there is only one split.

n = 3,2" = 8 and we have the 4 odd numbers {1, 3,5, 7}, we consider those pairs whose sum is 8,
that is (1,7) and (3,5).

It is noted that the pair (3,5) is the case of example (2.1) above. Therefore we consider the pair
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(1,7) to obtain

a+T7b _ a+T7b
p(TET) ety
_ 1,ra+3b
= o2 1)
1 ,a+3b 1 1
< ge(=)e(@) + o) — e(g[b - al),
using the split and (1.6).
using the base point <p(“+3b) we have
1 3 1 3 1 1 1
@(4@—1-46) Zcp(a)—f—igo(b)— [;p(ﬂb—a’)ﬁ-tp(ﬂb—a’)]
Hence
a4+ Tb 1.1 3 1 /1 1 1 1
p(—g—) < 5l500@ + 700) = [Se(5[b—al) + o (Z[b = a)]] + 500) —¢(5]b—al),
which simplifies to
+7b 1 7 1 1
o(“ET) < So(@) + o) - [3o(31b = a) + 50(3[b— al) +w(5]b - al)].
1 7 2 1 a > 1 6(4 y (o, B)
= 50+ 0~ [ el 5 D+ el =)
Fix k € N,k > 3 and suppose (2.2) is true, that is
¢(sra+ 4kb)
< skela) + gre() = Ty (38w (1 52 ]) = Tis () o (E=52 2 o - o).
For k+ 1 € N, we have k — 1 splits. Setting o = (26 + 1) and 8 = (20 + 1),
(204+1)  (20+1) 1,(26+1)  (20+1)
90[ ok+1 ok+1 b]:¢(§[ ok ok b})
1(26+)a+ (2" —25 —1)b
= (I T =R ),
1 (204 1Da+ (28 —20-1)b, 1 20 +1
< 590(( ) ék ) ) + 590(17) - ga(( 9k+1 )|b—a’),
S0
o[G0+ Gy
< Lop(@EDeE I8 4 L) — p(ZED |b— al), using (1.6).

But from the inductive hypothesis, the first term of the immediate inequality becomes:

(254+1)a+(2k—25—1)b
4,0( 2k )

(2F—25-1)
2k

< B3 0(a) +

i (

Therefore

k
=3

1
2k—1i

)w(é(k+1;)(&,ﬂ) ‘b .

R
al).

(=)e (|5

)e(]

)_

i=1
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E+l_ogs_
‘p((zier +(2 2k+21§ Ub)

k+1l_os_ —a
< (giip%@(a) + @ 2k+216 1)90(17) - Zf:l (ﬁ)w(’by )_

E?:3 (2k+11—i )cp(e(k“;ﬁ)(a’ﬁ) }b — a|) - p((giﬂ) |b - a|), which simplifies to

k4+1_os
(giﬂ)a = 2k+216 l)b)

k+1_os_ —a
> (§i+p‘ﬁ( )+ 2 2k+216 1)90(})) - Z?:l (Wllﬂ)@(’by

Zfial (2k+11—i)‘p(€(k+2 Z)(aﬁ)V) |)

as required.

)_

Remark 2.1. (ziﬂ) is the required minimum before the first split.

Hence inequality (2.2) is true for all N.
Remark 2.2. An inequality similar to that of inequality (2.2) is obtained, when a + 8 # 2".

Proof
Let o, 8 and m € N such that o + 8 = m # 2", where n € N.
Choose s € N such that 2°7! < m < 2° then

+ 1 +
(OB o[ (o + s + (27— m) (BB PTy))
1, az1 + Bz 1, Baxo + (2° — m) (ex1the
-l emthim 1 —m(E),
1 ,azi + Bix 1, Baxs + (2° — m)(ex1tbe 1
< Lyemibo L ) p(da- p)

_ (Bzz2+(25*m) (7aml+ﬁw2

where B1, B2 € N such that By + Bo = 6, A e )) and E = (221tBir2)

But @(%) simplifies to either inequality (2.1) or (2.2) depending on the values of « and Bi,

as shown in Propositions (2.1) and (2.2).

Bowa+(2°—m) (M)

™m

However for the expression <p( So1 ) we have,

ot (25— ((@z1HBe
(Bt @om(SPR)) o () 4 Bm)p(amatien)

where D is the appropriate extra terms.
P(5218252) < (o) + Bolon) + Bolon) + il p(ssitin) _ 5t (z=)e( =25 ) -
Yt (F)e((t e — o) - D,

(3)p(22522) < Sro(an) + gro(ea) - S5 (=)o (12552 )) -

S (=)o (2
Thus

) fxll) — D.
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p(emtbez) < & pm) + Sp(ra) — 2 021" (5) (| 2252 ) -

% Zf;sl—r (gsl—i )80(5(52771)

XTo — a:1‘) — %D

3 Conclusions

A simple calculation points to the fact that the inequality (1.3) which was due to S. Abramovich’s
definition of superquadratic functions is sharper than the refinement obtained in inequality (2.2)
by Smadjor’s definition.

However the new inequality obtained is sharper than the original Jensen’s inquality but allows the
freedom of non-continuity of the superquadratic functions involved.
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