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Abstract
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Disparities are crucial for determining relationships. Here, we'll discuss some fresh information inequalities
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were also created.
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1 Introduction
The fuzzy sets (FS) that Zadeh [1] described in 1965 have demonstrated useful applications in numerous
academic domains. The concept of a fuzzy set is advantageous because it addresses ambiguity and uncertainty
that the Cantorian set was unable to handle. According to fuzzy set theory, an element's membership in a fuzzy
set [2] is expressed as a single value between zero and one. Nevertheless, since there may be some hesitation
degree, it may not always be the case that the degree of non-membership of an element in a fuzzy set is equal to
1 minus the membership degree. He developed a new theory to measure the uncertainty, which is also known as
ambiguity, of a fuzzy set. If A be the subset of universe of discourse i.e. X = {x4, ... ... , X, } then, A is defined as,

A={x;/ua(x):i =12, .., n}.
Where 1,4 (x;) is a membership function and having the following properties:
1. Ifuy(x;) =0, x; does not belong to A and there is no ambiguity.
2. Ifu,(x;) =1, x; belong to A and there is no ambiguity.
3. If uy(x;) = 0.5, there is maximum ambiguity whether x; belong to A or not.
Later, in 1983, the concept of intuitionistic fuzziness was first time introduced by Atanassov, Krassimir T. [3,4]
in his original paper Intuitionistic Fuzzy Set (IFS). He developed a new theory to measure the uncertainty.
According to him, if F be a fixed set then an intuitionistic fuzzy set S in F is an object having the form

§= {< x!”S(x)!VS(x) >/x € F}

Where the function ug(x) and v¢(x) define the degree of membership and degree of non-membership of the
element x € S to S c F respectively.

The function ug(x) and vg(x) satisfy the following condition.
(Vx€F)(0 < ps(x) +vs(x) < 1).
Obviously, fuzzy set has the form {< x, ug(x), 1 — us(x) >/x € F}.

A measure of fuzziness f(us(x),vs(x)) is an Intuitionistic fuzzy set should have atleast the following
conditions:

(€y) 1t should be continuous in this range of (0 < pug(x;) +vs(x,) < 1), =1, ...... ,1).
(C,) It should be zero when pg(x;) = 0 and vs(x;) = 0.
(C3) It should be not changed when any of ug(x;) is changed into vg(x;).
(C,) It should be defined for all ug(x;) and vg(x;) (i = 1, ... ... ,n) in the range of (0 < ug(x;) +
ve(x) <D, (i=1,.... ,n).
(Cs) It should be maximum when pug(x;) = % and vs(x;) = % i=1,.... ,N).
(Ce) It should be increasing function of ug(x;) when 0 < ug(x;) < %and decreasing function of ug(x;) when

% < us(x;) <1 and other variable are kept fixed. It should be decreasing funcion of v¢(x;) when 0 < v¢(x;) <

iand increasing function of vg(x;) when % < vs(x;) < land other variable are kept fixed.

(C,) 1t should be concave function of ug(x;), when vs(x;) set as a constant.
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Using the f-divergence functional, Csiszar [5,6] established a generalized measure of information in 1961.
—yn bi
(P,Q) =3y aif (%) (11)

Where f: R, — R, isaconvex functionand P, Q € I'n. Here

n
pi=0,) pizl},HZZ

i=1

'n = {p = (D1, P2y e er o ,Pn)

be the collection of all discrete probability distributions with finite lengths. The literature on information theory
and statistics includes a wide variety of information and divergence measures. Here, we'll provide a few
examples of Csiszar f -divergence measure [7,8] and there corresponding intuitionistic fuzzy relative
Information [9]

K(A,B) = X1t [ (x)log 2455 + v, (xlog 2205 (12)

Intuitionistic fuzzy Chi-square divergence [10]

2 —_yn #fl(xi)_ M_
X*(A,B) = i=1<<#3(xi) up(xy) |+ v vp(x;) (1.3)

Intuitionistic fuzzy relative J-S divergence [9]

F(A,B) = ¥y ua(xp)log (22400 _) 1 3 v, (x;)log (A0 ) (14)

ualx)+pp(x;) va(xp)+vp(x;)

Intuitionistic fuzzy Hellinger discrimination [11]

WP,Q) = 1-B(P,Q) = 15, (Jpi —a)° (L5)

Where B(A,B) = ¥, ( BaG) | M) is known as Bhattacharya distance measure [12]
up(x;) vp(x;)

Intuitionistic fuzzy Verma [13] distance measure (Motivated by Kullback and Liebler [14])

(x)+apa(xi) (x)+ava(xy)
Va(A, B) = Tty pyp(xp) In (PEELTEACD) 4 90 v () In (PEEL52AE0)

—(uA(xi) + vA(xL-)) In14+a), a>0 (1.6)

and another intuitionistic fuzzy Verma [15] distance measure, due to general rule, is given by

V,(4,B) = ¥, (ln (1+auA(xi)) —In HA(Xi))':uB(xi)(l + a/JB(xi))

1+app(x;) up(x)
n 1+ava(x) _ 4 va(x) ' )
+yh, (ln (1+av3(xi)) In VB(xi)) V() (14 avp(x)), a>0 (1.7)

Intuitionistic fuzzy J-divergence measure [16,14]

J(A,B) = Xy (ka(x) — s (x))log (E275) + Bi, (va () = v (x))log (225) (18)

Intuitionistic fuzzy relative J-divergence measure [10,14]

(xi) (x;)
Jr(A,B) = ¥, (.uA(xi) - #B(xi))l()g (%)
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+ T, (va () — vp () log (MACLED) (L9)

2vp(x;)

Intuitionistic fuzzy relative Jensen-Shannon divergence measure [17]

2pa(x;) 2v(x;)
F(A,B) = Ty pa(x)log (50— ) + L vy (elog (a0 ) (1.10)
2up( i) 2vp(: i)
and  F(B,A) = XiL; up(x)log (W) + Xizg v (xi)log (W) (1.11)

Intuitionistic fuzzy Jensen-Shannon [17] divergence measure

1 1[yn ) 2up(x;) ) 2vp(x)
I(AI B) = E [F(BIA) + F(A! B)] = EI: i=1 (#B(xl)log (MA(xi)+uB(xi)) + VB (xl')IOg (VA(xi)+vB(xi)))]

2pp(x;) 2v4(x;)

_E [ZL (a(xp)log (MAEEEED) 4y (x,)l0g (M))] (1.12)

Intuitionistic fuzzy arithmetic-geometric mean divergence [9,18]

_vn  [(ta(x)+up(x;) ua(xp)+up(x;) n (valxp)+vp(x;) va(x))+vp(x;)
T(A,B) = By (5 )log(zm;(xo.ug(xi))Jr (2 )log(szA(xa.vB(xi)) (L13)

Intuitionistic fuzzy arithmetic mean divergence [19,18]

A4,B) =Y, [(#A(xi)‘;'#B(xi)) + (VA(xi);rVB(xi))] (1.14)

Intuitionistic fuzzy harmonic mean divergence [19,18]

H(AB) =3, [(ZuA(xz)-uB(xz)) + (ZVA(xi)-VB(xi))] (1.15)

ua(x)+up(x;) valx)+vp(x;)

Intuitionistic fuzzy relative arithmetic-geometric divergence [9]

G(B,A) =Y, [(#A(Xi)+#B(Xi)) log (#A(xi)+#3(xi)) + (VA(xi)"'VB(Xi)) log (VA(xi)‘H’B(xi))] (1.16)

2 2pup(xy) 2 2vp(x;)

Intuitionistic fuzzy triangular discrimination divergence measure

3 3
A (A B) =Y, <(#A(xi)—#3(xi)) + (valxp)-ve(xy)) ) (1.17)

praCxp)+up(x;) valxp)+vp(x;)

Intuitionistic fuzzy logarithmic mean divergence [19]

L(A,B) = Y™ baG)-pp(xi) taCx)—pp(x) 118
( ) =1 (1OE#A(Xi)—10gHB(xz) + 10g#A(xi)—10g#B(xi)) ( )

Intuitionistic fuzzy Kumar-Johnson [20] distance measures

2 N2 ) 2 2 N2 ) 2
oM B) = Lyn (Aeorbe) | (hGo-vhx)) (1.19)
24i=1 / /
(naGedup(x)) 2 (vatxpvp(xyp) "2
Intuitionistic fuzzy theoretic exponential information distance measures
208 2002 Halx) 208 209 valx)
#D(A,B) =1y, (7(“*‘("’) " B(’“? onnl) 4 CACDTVBGD) VB(X‘? .e"B(x;)) (1.20)
z (ralepup(x)) /2 (vae)vp(xp) /2
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and
(1aCed—up (D) (M3 (e - Iig(xl))(ZﬂA(XL)+5/,tA(xL);43(xl) 2#a(xl)us(xl)+3u3(xl)) u;\glg
Z
¢D,(A,B) = us(xl)(uA(xL)#B(xl)) " (1.21)
(valx)- vB(xl))(vA(xl) vB(xl))(ZVA(xL)+5vA(xL)vB(xL) ZVA(xL)vB(xl)+3vB(xl)) ev:(xl-)
vp(x) (valxp)vp(xy) 2 J
2 Our Work

Proposition 2.1 Let (4,B) € 'n x I'n and if K(B,A), F(4, B), J(4, B) shows K-L, Relative J-S, J-divergence
measures respectively. Then we have the following new equality

Proof: If we take the convex function,

F()—yl) 1-D*  1@-1° | 1(y-1°
+D! 3+ 5(+DS 7 (y+1)7

0= ) ) ) ]
)

i.e. Fy) =@ -1z log[ e )] -1D- logy (2.1.1)

Next we get the subsequent f-divergence measure if we put y = % in(21.1)i.e.

Di(P,Q) = ?=1qi(z—i— )%log(i—i).

Applying intuitionistic fuzzy in above equation, we achieve

_\" Ha(x;) 1 ta(x;)
D,(4,B) = Zi—l e (%) <,uB(xi) B 1) Elog (“B(xi))

+Zl 1VB( l) (VAEil; )ilog (M)

vp(x;)

palxy)

i.e. 2D:(A,B) = ?:1(#,4(951') - HB(xi)) lOguB(xi)

(xp)
+ 2l (va () = vp () log 22 5

i.e. 2D;(A,B) = X1, pua(x; )1ogZAz‘§ — Xita e (x) ogﬁ“ﬁx‘;
+ X va(xg )lOgVA(xl) i1 VB(xi)lOg::E);g
= S0 (a0 = 1y () + 15 () Tog K420 — ?=1us(xi>log%i3
+ 21 (va () = Vi) + v () I0g 4%0 — T v, () log 222

= Bi (ra () = 1 (e)) 108 EAE5 4 B 1 () 1og EA78 — B () log E475
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+ T (va0r) = v (1)) 1og A8 4+ T v () log 2222 — L, v (1) log 745
=J(A,B) = Xl  up(x) lo g”B(x’) gl gZAExL;

— T v (x) log 250 — T v (x)) log 225
ZJ(A'B)—K(B'A)—Z;ug(xi)bgzzgg— Z VB(xl)lOngExL;

(xp)+up(x;) 2pa(x;) )

=J(A,B) — K(B,A) = iy #p(x;) log (ﬂA 2up(x;) T palxp)+up(x)

_\yn ) valx))+vp(x;) 2v4(x;)
Zi:lvB(xL) IOg( ZVB(Xi) 'vA(xi)+vB(xi))

B n MB(X) l’l‘A('xl)
=J(A,B) — K(B,A) + Zi:1 ug(x;) log (MA(X ) + 115 1y )) z ug(x;) log (,UA(X Y + 15 (x; ))

+ X, ve(x;) log (21}37(16!)) — 2iz1vp(x;) log (21}147(%))

valx)+vp(x;) valx)+vp(x;)

2 i
=J(A,B) —K(B,A) + F(B,A) — Zl jjgxi(m( )lo (#ﬂm))

e 208 (v log (o))

va(x)+vp(x;)

=J(A,B) —K(B,A)+ F(B,A) — F(4,B).

Hence the required equality.

Proposition 2.2 Let (4,B) e 'n x I'n and if A(A,B), G(A,B), F(A,B), X%(4, B) represents AMD, RAGD,
RJSD, Chi-Square distance measures respectively then show that the new equality relation

AP0 = F(Q.P) + F(P,Q)

and inequality relation

4D,(P,Q).A(A,B) = G(P,Q) — G(Q,P) < [X*(Q,P) + X*(P,Q)]A(4,B)

Proof: If we put y = == in the convex function (2.1.1) then we get the subsequent f-divergence measure

D,(P,Q) = (v — D3logy = (%% — 1) J1og (%)
20,(P,Q) =} X1y (p; — qlog (%2%).

Applying intuitionistic fuzzy in above equation, we achieve

D,(4,B) = <

pa(x;) + pp(x;) _ 1)11 <.UA(xi) + ug (xi)> (VA(xi) +vp(x;) _ 1) 1 (VA(xi) + VB(xi))

205 (x0) 2115 (x0) 2v,(x0) 2 8\ T 2t

I:' e. ZDl(AI B) = é ?:1 (MA(xi) - MB(xi))log (M)

2pup(xy)
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1on (x;) +vp(xy)
5 e sayon (A0 25)

, 1 (x)+up(xy) (x)+up(xp)
i.e. 2D;(A,B) = 5| Xk ua (xdlog (MAT2MEEEC) — By (xlog (“452742E0) |

va () +vp(xi) " va () +vp(x)
g2 tnon (M) - 2 v (M)

n ) 2up(x;) _yn ) 2up(xi)
Xizi up(x;)log (ﬂA(xi)+uB(xi)) i=1 Ha(x)log (#A(xi)"'l‘—B(xi)) +

n ] 2vp(x) _yn ) 2vp(x;)
=1 Vs (x1)log (vA(xi>+vB(xi>) i=1#a(xi)log (vA(xi)wB(xi))

n paG)+up()\ _ g _ Pat)+ip(xi)
ZizlyA(xi)log( 2aG) ) i:ll’lA(xl)log( 21a (i) )+

¥ v, (x)log (VA(Xi)+VB(xi)) — ¥ v, (x)log (VA(Xi)+VB(xi)) |

- 2va(xp) 2v4(x;)
2up(x;) waCep)+up(x)
i.e. 2D,(4,B) =%[Z?:1M3(xi)10g(5—)_ AGE)+us )]

i.e. 2D,(A,B) =§

n
uaCe)+up(x;) i=1 Ha(xi)log ( 204(x;)

va(xp)+vp(x;) 2va(x;)

1 n pa(x;) + pp(x;) palx;) + pp(x;)
+5[Zi=1u,4(xi)lo ( e ) Z HaCx)log ( o) )]

1[yn Voo (YAGD+VEGD) Iog (YA tve &)
+2[ i=1vA(xl)log( 2v4(x)) )+Z VA(xl)log( 2vp(x;) )]

! [ELvsrotog (2220 ) — 3 v, (x)log (M)]

; _1 ] paC)+up(x) palx)+up(x)
i.e. 2Dy(4,B) = [F(B,A) + F(4,B)] + [T, pa(x)log (M50 LaZomintn)]

N § [Z?:l 1, (x)log (VA(xi)+vB(xi) . VA(xi)+vB(Xi))]

2v4(x;p) 2vp(x;)

. 1 () +up(x))’
i.e. 2D,(A,B) = [F(B,A)+F(4,B)] + [zl i, (x)log (%)]

2
+2[2m vaGetog (CatmreGo) )|

4v(x).vp(x;)

= IFB.A) + FUB] + Bl i () (St o)

(2 (gt it )+ ) )

n vA(xi>+vB(xi>) (vA(xi)wB(xi))z))
( izl( 2 log( 4v 4 (x).vp(x)

= %[F(B,A) + F(4, B)]

1 [Zn (HA(xi)+ﬂB(xi))lo (uA(xi)+uB(xi))+Zn (HA(xi)"'HB(xi))lo (uA(xi)+u3(xi))]
i=1

24(A,B) 2 2pa(x) =1 2 2up(x;)
1 n (valxd+vp(xy) va(xp)+vp(x;) va(xp)+vp(x;) pa(xp)+up(x;)
24(A,B) [Zi:l ( 2 )log( 2v4(x;) ) +Xis ( 2 ) log( 2vp(x;) )]
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Thus, 2D,(A,B) = g[F(B,A) +F(4,B)] + ZA(; 516(4,B) +G(B,A)]
4D1(A,B).A(A,B)-G(A,B)-G(B,A) _ F(B,A) + F(A,B) (221)
A(A,B)
Which is the required equality.
But, F(B,A) + F(A4,B) < X%(B,A) + X%(4,B)

From (2.2.1) we get the inequality
4D,(A,B).A(A,B) — G(A,B) — G(B,A) < [X2(B,A) + X%(4,B)]A(A, B).
Hence the required result.
Proposition 2.3 Let (4,B) e 'n x I'n and if X%(A,B), YyM(A,B), &D, (A, B) shows chi-square, Kumar-
Johnson, theoretic exponential information distance measures respectively then we have the following new

inequality

~[X2(A, B) + X2(B,A)] < .9M(A, B) < $D, (A, B)

v

Proof: Ofcourse, (y - )20

. 1
ie. \/}+—yZ

i.e. %(\/} + %)
Obviously, %(\/} +%) < E (\/;_'_%)]2 < i(y + 1)'(2y3+5§z;—2y+3).ey

. (y-1)? 1 1 (y-1)? 1\2 _1 v-1)?% (2y3+5y2-2y+3)
- v+ —=) <= [y + — < = + y
Le 20 Vy ( y \/7)_4- vy ( y \/7) _4(}7 D. vy y? ¢

1 oHDe-n? 1.(y2—1)2 <1 OD(2-1)(2y°+5y7-2y+43) |y

2 y 4 y3/z 4 ys/z

v N

1

[uN

Substituting y by %, we achieve the following result
. .\ 2 A3 N2 .
(-)((59)" 1 ) (2(51) 5(30) ~25ie) -
&) i
a

Applying intuitionistic fuzzy in above equation, we achieve

naCe) \(ral)_\* (val), \val) N’ paG)\’ |
|G ) Gen ) Gaerr GG (ta89) -1

va(e)\? :
s (3428) -1

wp(x;) (#E;(xi)_ 4 st (vﬁ(xi)_ <3 3 3
2" taxi valx T a2 va(ep)) 72
eD) vp(x;) (#xi)) <Vg(xi)>
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[(nalxy) #A(XL) #A(XL) #A(Xi) 2 palx) ] ]
(g0 (us(xl) )( ipte) *S(ipt) u3<xi>'3) 4
(tatx0) %2
<l V-B(xl)
T4 va) (24 vA(xl) 5240 ?vate),
- t (x1)
(VB(Xi) (VB(XJ )( VB(xL) VB(Xi)> vp(x;) )leVAX va(x)
(ﬂA(xi))
up(xp) -
lgn [(#A(xi)+#B(xi))(#A(xi)—#B(xi))2 (VA(xi)'H/B(xi))(VA(xi)_VB(xi))z]
24t=t paG)(pp()) vaGe)(ve(xp)®
2 2
- (HaGeD-uB () (VAGD-vE(x)) ]
" 3
/
) 2

1 [
= i=1
4™ ﬂB(xL)

3/,
(ﬂA (xl)I'LB (xl))

vp(x)(valx).vp(x;)

[(uA(xl) up o) (M4 () - () ) (2085 Ge) +5 05 (e () - zuA(xouB(xmsuB(xl))

s G (kaGeup () 2

nalx)
4 l/ﬂB(xi)]

<-ynl
4 l(vA(xl) vp(x)) (VA -vE () ) (2vi () +5v5 (v (x) -2va (v (x) +3vE () ) VA(xi)v (x: j
e B(x)
V) (valxva(xp) 72
1gn [(nA(xi)+n3(xi>)(nA(xi)—nB(xi))2 +(vA(xl)+vB(xi))(vA(xi)—vB(xi))z]
24t=1 natx)up(x;) va(x)vp(x;)
2 V2 () 2 -2 (x)
1on |(FAGD-1EGD) | (VA@D-vEGD)
=iz 7, * 2
(/'LA(XI)/'LB(XI)) 2 (VA(XL)VB(XL)) 2
[(#A(Xl) #B(Xl))(u,q(xl) uB(xl))(ZﬂA(xl)+5uA(xl)u3(xl) ZHA(Xl)ﬂB(Xl)+3HB(X1)) MA(xi)/HB(xi)]
<iyn | (kaGeoup(xp) /2 |
4 [+ (vaGep)- VB(xl))(v 2 (o) - VB(xl))(ZVA(xl)+5vA(xl)vB(xl) 2v4(c)vE ) +3v3 (x; )) eVA(Xi) e }
(vaGrveep) 2
1 BAC) _ vAx) '
[ ((#B(xi) He (xl)) + <V3(xi) VB OCJ))]
+£ n le?(xi) _ (x) + Vlz?(xi) —v (x)
2| 2= e HalXi valy) AN
1on (ui(xi)—ué(xi))z (Vi(xi)—vﬁ(xi))z
S_Z‘— ey 3
g 4=t /2 /2
(ﬂA(xl)ﬂB(xl)) (VA(x )VB(xL))
[ (raten)- MB(XL))(#A(XJ #B(xl))(Z”A(xl)"'Sl‘A(xz)ﬂB(xl) zﬂA(xl)”B(x‘)H”B(xl)) uA(xi)/ﬂB(xi)]
1y (raCepdup(x) ke
T AT At -ve () (VA G —vE () ) (2 )+ SYA (v (r) ~2v 4 (v () +3vE (7)) eVA(Xi) vs(on

|

(valxpvp(x)

)/2

~[X2(A, B) + X2(B, A)] < 5.yM(A, B) < $D,(A, B).

Hence the inequality.

Proposition 2.4 Let (P,Q) € 'n xI'n and if B(P,Q), H(P,Q), X?(P,Q) shows Bhattacharya, Harmonic
Mean, Chi-Square distance measures respectively then show that the following new inequality

X?%(4,B) > B(A,B) > H(A, B)

Proof: Considering an inequality

y+1> \Jy >-==

obviously

y2—1>

>h
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Substituting y by We achieve the following result

i _ Di Zpi/ql.
(qiz 1) > \ l/qi > Pi/g;+1

Applying intuitionistic fuzzy in above equation, we achieve as follows:
ralx) valx)

(#fx(xi) _ 1) n <Vi(xl') _ 1) > #A(xz) va(x;) MB(XL) >p(x)
D) v (xp) uB(xo vp(x;) uA(xJ mgxlgﬂ
i X

i e (Mi(xi)_l) + VA 1aCxy) va(xy) 200D 2va(x)
RERVIE) VB(xL) up(x;) vp(x;) #A(xi)+#3(xi) va(x)+vp(x;)

ie. X, [,uB(xi) <ﬁAEXL; _ 1) + vp(x;) ("223 - 1)]

N 1a(x) va ()
> Q.0 [y * 0 o

S 10 (20 ) v (220

palxp)+pp(x;) valxp)+vp(x;)

i n KA () _ 1ED) _
i.e. Xy [.UB(xi) (#E(xi) 1) + vp(x;) (V’zg(xi) 1)]

n

> Z [\/#A(xi)-ﬂB(xi) + \/VA(xi)-VB(xi)]

> Y1 [#B(xi) (M) + vg(x;) (M}]

praCep)+up(x;) va(x))+vp(x;)

i.e. X2%(A,B)>B(AB) > H(AB)

Hence the desired result.

3 Conclusions
Using fuzzy Csiszar's f-divergence and fuzzy new f-divergence measure properties with the demonstration of
validity, we have achieved some series of fuzzy divergence measures in this study. We have suggested a

generalized series of Kulback-Leibler, arithmetic divergence measures, etc. combinations. Inequalities on both
new and well-known fuzzy divergence metrics have also been derived by us.
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