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Abstract: We derived the formula for the detection probability, signal-to-noise ratio (SNR), and av-
erage bit error rate (BER) for the signal orbital angular momentum (OAM) state carried via non-
uniformly correlated high-order Bessel–Gaussian beam propagation in a turbulent atmosphere. The 
wavelength, receiver aperture, beam width, strength of the turbulent atmosphere, and topological 
charge effect on detection probability, SNR, and average BER of the signal OAM state were demon-
strated numerically. The results show that the signal OAM state with low topological charge, a small 
receiver aperture, a narrow beam width, and a long wavelength can improve the performance of 
optical communications systems under conditions of weak atmospheric turbulence. Our results will 
be useful in long-distance free space optical (FSO) communications. 

Keywords: free space optical communications; turbulent atmosphere; detection probability;  
signal-to-noise ratio; bit error rate 
 

1. Introduction 
Orbital angular momentum (OAM) communication has broad application prospects 

in FSO communications [1–5]. The OAM modes carried by vortex beams have theoreti-
cally infinite eigenmodes and can form an infinite-dimensional Hilbert space, which can 
be used in FSO communications to increase capacity and spectral efficiency via the mode-
division multiplexing technique. The vortex beam carrying the OAM mode inevitably en-
counters atmospheric turbulence when it propagates in free space. The initial OAM state 
will be degraded by atmospheric turbulence, followed by the OAM mode’s crosstalk gen-
eration for the power of it spreading to the neighboring OAM states [6–11]. Therefore, the 
phase of the vortex beams is perturbed by atmospheric turbulence, the detection proba-
bility of the signal OAM state decreases [12], the signal-to-noise ratio (SNR) decreases, 
[13] and the bit error rate (BER) [14–18] increases. These are important parameters for 
evaluating the performance of FSO communication systems. 

The performance of communication channels in a turbulent atmosphere can be im-
proved by employing partially coherent beams [19–21]. In the past few decades, the prop-
agation properties of the many types of partially coherent beams, for example, the Gauss-
ian–Schell beam [22], partially coherent rectangular array beams [23], the Gaussian–Schell 
model vortex beam [24], partially coherent radially polarized beams [25], Airy–Schell 
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beams [26], partially coherent four-petal elliptic Gaussian vortex beams [27], partially co-
herent beams carrying a cross phase [28], and partially coherent twisted Gaussian beams 
[29] have been researched and used to mitigate the effects of a turbulent atmosphere on 
the signal quality of FSO communications. 

Non-uniformly correlated beams with spatially varying coherence are different from 
the Schell-model beams with uniform coherence distributions [30–34]. The characteristics 
of non-uniformly correlated beams can be used to measure the refractive indices of a uni-
axial crystal based on its independent self-focusing property along the propagation direc-
tions [35]. Two high-index particles were trapped simultaneously and manipulated in the 
longitudinal direction via focused structured optical fields with a spatially non-uniform 
correlation [36]. Non-uniformly correlated beams can also be used to resist the negative 
effects induced by atmospheric turbulence [37–42]. The research results show that the 
scintillation of Gaussian non-uniformly correlated beams and Hermite non-uniformly cor-
related beams was lower than that of the Gaussian–Schell model beams [37,38]. The 
power-in-the-bucket value can be enhanced under conditions of weakly anisotropic tur-
bulence by controlling the coherence parameter for non-uniformly correlated beams [39]. 
In one study, convex partially coherent flat-topped beams were used to improve the mean 
SNR and reduce the mean BER [40]. Laguerre non-uniformly correlated beams with a 
suitable beam order and coherence length were applied to reduce the detrimental effect 
caused by atmospheric turbulence [41]. The fiber-coupling efficiency of the Laguerre non-
uniformly correlated beam was better than that of the conventional Gaussian–Schell-
model beam in FSO communications [42]. Therefore, non-uniformly correlated high-order 
Bessel–Gaussian beams carrying the OAM state can be applied to improve the perfor-
mance of OAM communications in FSO communications. 

In this study, we theoretically investigated the OAM state carried by non-uniformly 
correlated high-order Bessel–Gaussian beams disturbed by a turbulent atmosphere. The 
detection probability, SNR, and BER equation of the signal OAM states for non-uniformly 
correlated high-order Bessel–Gaussian beam propagation in a turbulent atmosphere were 
derived according to its intensity distribution at the receiver plane. The results show that 
the performance of OAM communications can be enhanced by non-uniformly correlated 
high-order Bessel–Gaussian beams. Our results will be useful in FSO communications. 

2. Theory 
Cross-spectral density (CSD) was used to characterize the partially coherent beams, 

which can be described at the source plane (z = 0) as follows: 

( ) ( ) ( )*
0 1 2 1 2 1 1 2 2, , , ,0 , ,W r r E r E rθ θ θ θ=  (1)

Here, (r, θ) are the polar coordinates, E (r, θ) denotes the electric field of the beam, 
the angular brackets <·> indicate the ensemble average, and the asterisk denotes the com-
plex conjugate. In general, mode representation is applied to express the CSD of the beam 
as follows: 

( ) ( ) ( ) ( )*
0 1 2 1 2 1 1 2 2, , , ,0 , , , ,W r r p v H r v H r v dvθ θ θ θ=   (2)

Here, v  is the corresponding vector in Fourier space of a position vector r in the 
polar coordinate system. The evolution properties of the OAM state for a non-uniformly 
correlated high-order Bessel–Gaussian beam can be derived from the functions of ( )p v  
and ( , , )H r vθ . Then, a non-negative function p(v) is expressed as 

( )
2

2
1 exp vp v

aaπ
 

= − 
 

 (3)

and the kernel with an arbitrary function for the equation H (r, θ, v) is described as 
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( ) ( ) ( ) ( )
0

2
2

02
0

, , exp exp expl
rH r v J r ikvr il
w

θ α θ
 

= − − 
 

 (4)

where the parameter 22 /= ca kr  is a positive real constant with a coherence length of rc, 
2 /=k π λ  is a wavenumber with a wavelength of λ, l0 is the topological charge of the 

OAM state, 
0l
J  is the l0-th order Bessel function of the first kind, α is a radial wave vector, 

and w0 is the waist width of the Gaussian beam. 
Substituting Equations (3) and (4) into Equation (2), the CSD of the non-uniformly 

correlated high-order Bessel–Gaussian beam at the source plane can be obtained as fol-
lows: 

( )

( ) ( ) ( ) ( )
0 0

0 1 2 1 2

22 22 2
2 11 2

1 2 0 1 22 4
0

, , , ,0

exp exp expl l
c

W r r

r rr rJ r J r il
w r

θ θ

α α θ θ
 − +  = − − − −        

 (5)

Here, 2 /cr ka=  is the coherence length. 
According to the Huygens–Fresnel principle and paraxial approximation, the field in 

the receiver plane of the CSD function of non-uniformly correlated high-order Bessel–
Gaussian beams in free space without a turbulent atmosphere can be obtained as follows: 

( ) ( )

( ) ( )

2

1 2 1 2 0 1 2 1 22 2

2 2
1 2 1 1 1 1 2 2 2 2 1 2 1 2 1 2

, , , , , , , , 0
4

                       exp 2 cos 2 cos
2

kW z W r r
z
ik r r r r r r dr dr d d
z

ρ ρ ϕ ϕ θ θ
π

ρ θ ϕ ρ θ ϕ θ θ

=

  × − − − − + −   

      
(6)

Here, (ρ, φ) are the polar coordinates in the receiver plane. When a non-uniformly 
correlated high-order Bessel–Gaussian beam propagates though a turbulent atmosphere, 
the evolution properties of the OAM states of this beam are influenced by atmospheric 
turbulence, the purity of the OAM mode decreases, and the crosstalk increases. To con-
veniently analyze the purity and crosstalk of the OAM modes, the parameter ρ1 = ρ2 = ρ 
was set, as the purity, SNR, and BER are affected by the intensity distribution of the beam. 
When a non-uniformly correlated high-order Bessel–Gaussian beam carrying the OAM 
state propagates in a turbulent atmosphere, the cumulative effect induced by the turbu-
lence is assumed to be a pure phase perturbation effect on this beam [6]. Then, the CSD 
function of the non-uniformly correlated high-order Bessel–Gaussian beams propagating 
under conditions of atmospheric turbulence can be obtained as follows [26]: 

( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ){ }

1 2 1 2 1 2

*
1 2 1 2

, , , , , , exp , ,

, , , , exp , ,

T

T T

W z W z i

E z E z i

ρ ϕ ϕ ρ ϕ ϕ φ ρ ϕ φ ρ ϕ

ρ ϕ ρ ϕ φ ρ ϕ φ ρ ϕ

= −  

= −  
 (7)

Here, ( ), ,TE zρ ϕ  is the electric field of the beam in the receiver plane. With the 
help of the quadratic approximation of the wave structure function, the atmospheric tur-
bulence disturbance term in the above formula can be obtained as follows: 

( ) ( ){ } ( )
2

1 2 1 22
0

2exp , , exp 1 cosi ρφ ρ ϕ φ ρ ϕ ϕ ϕ
ρ

 
− = − − −       

 
 (8)

Here, ρ0 is the spatial coherence length of the atmospheric turbulence, as follows [43]: 
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( ) 3/52 2
0 0.545 nC k zρ

−
= . (9)

Here, the parameter 2

nC  is the turbulence structure constant, the value characteriz-
ing the strength of the atmospheric turbulence. 

The OAM mode carried by the vortex beam inevitably encounters atmospheric tur-
bulence after propagating over a long distance; the phase and complex amplitude of non-
uniformly correlated Bessel–Gaussian beams are disturbed by the refractive index fluctu-
ations of the turbulent atmosphere; the phase becomes extremely complicated; and the 
OAM states cannot maintain their original status. In order to facilitate the analysis of the 
signal and crosstalk, Fourier transform theory was applied. The electric field in the re-
ceiver plane ( ), ,TE zρ ϕ  can be written as a superposition of the plane waves with dif-
ferent OAM states; then, the complex-amplitude plane wave can be written as a coefficient 
and the term exp(ilφ), and the CSD function ( )1 2, , ,TW zρ ϕ ϕ  in the receiver plane can 
be rewritten as follows [13]: 

( ) ( ) ( )2
1 2 1 2, , , , expT l

l
W z a z ilρ ϕ ϕ ρ ϕ ϕ= − −    (10)

Here, al is the expansion coefficient with the new OAM quantum number l. Then, the 
spatial distribution of intensity for a non-uniformly correlated high-order Bessel–Gauss-
ian beam carrying the OAM modes can be determined as follows: 

( ) ( ) ( )
2 2 2

2
1 2 1 2 1 2

0 0

1, , , , exp
2l Ta z W z il d d

π π

ρ ρ ϕ ϕ ϕ ϕ ϕ ϕ
π

 = −       
 (11)

Therefore, the received intensity of the non-uniformly correlated high-order Bessel–
Gaussian beam carrying the OAM modes can be obtained as follows [13]: 

( ) ( )
/2

2

0

2 ,
D

lI z a z dπ ρ ρ ρ=   (12)

Here, D is the diameter of the receiving aperture. 
Substituting Equations (2), (6), (7), and (11) into Equation (12), we determined the 

received intensity of the OAM modes of non-uniformly correlated Bessel–Gaussian 
beams: 

( ) ( ) ( ),lI z p v I z dvρ=   (13)

where 

( )
( ) ( )

( ) ( )

( )

0 0

2 2

2 22 2 2 2
1 2 3 0 1 2 3

/2 2

2
1 2 3 1 2 3 00

2
2

222 2 2
00 1 2 3

, exp
2 2

2
2 2

2exp
2

l

D

l l l

kI z
z w

k kI I I
z z

k d
z w

π αρ
β β β β β β

α ρ α ρ ρ
β β β β β β ρ

ρ ρ ρ
ρβ β β

Δ

 
 = − 

   − − − −     
     

×      + − − +     
  
  × − +   − −    

  (14)

and 0l l lΔ = − , 2
1 01/ wβ = , 2 / 2ik zβ = , 3 ikvβ = . 
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The detection probability of the OAM mode for a non-uniformly correlated high-or-
der Bessel–Gaussian beam propagating under conditions of atmospheric turbulence is de-
fined as follows [13]: 

( )
( )

l

I z
P

I z
∞

Δ =−∞

=


 
(15)

where I(z) describes the intensity of the signal OAM beam, and the term ( )
l
I z

∞

Δ =−∞  de-
notes the intensity of both the signal OAM beam and the crosstalk OAM beams. To de-
scribe the channel loss and crosstalk of the OAM communication system, a signal-to-noise 
ratio (SNR) per bit of the OAM mode for a non-uniformly correlated high-order Bessel–
Gaussian beam was introduced; it is shown below [18]: 

( )
( ) ( )

SNR
, 0

l

I z

I z l
∞

Δ =−∞

=
Δ ≠

 
(16)

here, the term ( ),  ( 0)
l
I z l∞

Δ =−∞
Δ ≠  denotes the intensity of the crosstalk OAM beams. 

The average bit error rate (BER) is an important parameter used to measure signal quality 
for FSO communication systems. The average BER of non-uniformly correlated high-or-
der Bessel–Gaussian beams under conditions of atmospheric turbulence can be expressed 
as follows: 

( )1BER SNR / 2
2
erfc=  (17)

Equations (15)–(17) are the main analytical expressions used in this study. From 
Equation (14), it can be gleaned that the detection probability, SNR, and BER are affected 
by the difference of the signal OAM state and the crosstalk OAM states, beam width wave-
length, receiver aperture diameter, and the strength of the turbulent atmosphere. The nu-
merical results provide a convenient way of analyzing the performance of orbital angular 
momentum communication for a non-uniformly correlated high-order Bessel–Gaussian 
beam in a turbulent atmosphere. 

3. Results and Discussion 
In this section, we analyze the performance of an FSO communication system utiliz-

ing non-uniformly correlated high-order Bessel–Gaussian beams carrying the OAM state 
under conditions of atmospheric turbulence. The parameters were set as follows, unless 
otherwise indicated: w0 = 1 cm, rc = 1 cm, l0 = 1, α = 103 m−1, λ = 1550 nm, 2 15 2/35 10 mnC

− −= × , 
D = 10 mm, and z = 500 m. 

Figure 1 shows the detection probability of the OAM mode for non-uniformly corre-
lated high-order Bessel–Gaussian beam propagation in a turbulent atmosphere. As shown 
in Figure 1a, the detection probabilities of the topological charge difference |Δl| = 1, 2, 
and 3 increase when propagation increases, and the detection probability for a large top-
ological charge difference is smaller than that for a small topological charge difference. 
The detection probability of the signal OAM state for the topological charge difference 
|Δl| = 0 reduces slightly when the propagation distance increases. These results show that 
the power of the signal OAM states spreading to the neighbor OAM states is very small 
when the OAM state carried by non-uniformly correlated high-order Bessel–Gaussian 
beams is disturbed by a turbulent atmosphere; that is, high-order Bessel–Gaussian beams 
with a non-uniform correlation can be used to mitigate the perturbations caused by a tur-
bulent atmosphere. Figure 1b shows that the signal OAM state at |Δl| = 0 has the most 
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power at the different propagation distances, the crosstalk of the OAM states appears in 
the neighboring modes for the topological charge difference |Δl| = 1, and the power of 
the other OAM states’ crosstalk for the large topological charge difference is very low. 

 
Figure 1. Detection probability of the OAM mode for non-uniformly correlated high-order Bessel–
Gaussian beams in a turbulent atmosphere with different (a) topological charge differences |Δl| 
and (b) propagation distances z. 

Figure 2 shows the detection probability of the signal OAM state for non-uniformly 
correlated high-order Bessel–Gaussian beams affected by different receiving aperture di-
ameters. As shown in Figure 2, the detection probability of the signal OAM state decreases 
at the different receiving aperture diameters (D = 10 mm, 20 mm, 30 mm, and 40 mm) 
when the propagation distance increases. At the same propagation distance, the detection 
probability of the signal OAM state limited by a small aperture is greater than it is when 
the receiver aperture is large. This result shows that the receiver aperture can be used to 
filter crosstalk from neighboring OAM states generated by a turbulent atmosphere. There-
fore, choosing a suitably sized receiver aperture can effectively enhance the transmission 
quality of the signal OAM mode in the turbulent atmosphere channels. 

 
Figure 2. Detection probability of the signal OAM state for the non-uniformly correlated high-order 
Bessel–Gaussian beams at the different receiving aperture diameters (D). 
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Figure 3 shows the detection probability of the different signal OAM states carried 
by the non-uniformly correlated high-order Bessel–Gaussian beams propagating in a tur-
bulent atmosphere; the topological charges l0 of the signal OAM states are 1, 3, 5, and 7, 
respectively. As shown in Figure 3, the detection probabilities decrease when the propa-
gation distance increases. The detection probabilities of the signal OAM state are the same 
at the near field; as the propagation distance further increases, the detection probabilities 
of the signal beam carrying the large OAM state are lower than those for the beam with 
the small OAM state. These results show that the non-uniformly correlated high-order 
Bessel–Gaussian beams carrying the large OAM states are affected easily by the turbulent 
atmosphere. 

 
Figure 3. Detection probability of the different signal OAM states carried by the non-uniformly cor-
related high-order Bessel–Gaussian beams in a turbulent atmosphere. 

Figure 4 shows the detection probability of the signal OAM state carried by the non-
uniformly correlated high-order Bessel–Gaussian beams in a turbulent atmosphere for the 
different wavelengths (λ) studied. From Figure 4, it can be gleaned that, at the same prop-
agation distance, the signal OAM state of the beam with a long wavelength has a high 
detection probability in the receiver plane. The results indicate that the long wavelengths 
have slower phase accumulation; thus, the disturbance of the signal OAM state by the 
turbulent atmosphere is slight, and the purity of the signal OAM state is higher. One can 
see that the OAM state carried by the non-uniformly correlated high-order Bessel–Gauss-
ian beams at the wavelength of λ = 1550 nm propagating in a turbulent atmosphere is 
superior to that of the beams at the shorter wavelengths, and the wavelength λ = 1550 nm 
is also the atmospheric window in FSO communications. 

Figure 5 shows the detection probability of the signal OAM state carried by the non-
uniformly correlated high-order Bessel–Gaussian beams influenced by the beam width at 
the different propagation distances. As shown in Figure 5, the detection probability de-
creases when the propagation distance and beam width increase; this phenomenon can 
be attributed to the turbulent atmosphere having an accumulative effect as the propaga-
tion distance increases. 
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Figure 4. Detection probability of the signal OAM state carried by the non-uniformly correlated 
high-order Bessel–Gaussian beams in a turbulent atmosphere for the different wavelengths studied. 

 
Figure 5. Detection probability of the signal OAM state carried by the non-uniformly correlated 
high-order Bessel–Gaussian beams in the turbulent atmosphere for the different beam widths ana-
lyzed. 

Figure 6 illustrates the relationship between the SNR of the signal OAM state and the 
beam width of the non-uniformly correlated high-order Bessel–Gaussian beams propa-
gating in an atmospheric turbulence channel at the propagation distance of z = 0.5 km, for 
which the topological charges l0 of the signal OAM states are 1, 3, 5, and 7, respectively. 
As shown in Figure 6, the small-signal OAM state carried by the non-uniformly correlated 
high-order Bessel–Gaussian beam has a high SNR, and the non-uniformly correlated high-
order Bessel–Gaussian beam carries a large topological charge l0; as a result, the spots of 
the beams become large, and the signal OAM state induced by the turbulent atmosphere 
becomes serious. Therefore, the purity of the signal OAM state decreases, and the SNR is 
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large for the small topological charge under the same conditions; this result agrees well 
with Figure 3. The SNR of the signal OAM state is almost unchanged at a small beam 
width. As the beam width increases, the SNR of the signal OAM state decreases. These 
results agree well with the large spots of the beams influenced seriously by the turbulent 
atmosphere. The different signal OAM states have the same SNR when the non-uniformly 
correlated high-order Bessel–Gaussian beams have a very large beam width. 

 
Figure 6. SNR of the different signal OAM states carried by the non-uniformly correlated high-order 
Bessel–Gaussian beams in a turbulent atmosphere against the beam width. 

Figure 7 plots the average BER of the different signal OAM states carried by the non-
uniformly correlated high-order Bessel–Gaussian beams in a turbulent atmosphere at a 
propagation distance of z = 0.5 km. As shown in Figure 6, the variation trend of the average 
BER of the signal OAM state is opposite to that of the SNR of the signal OAM state shown 
in Figure 6. This result agrees well with the low BER of the signal OAM state at a high 
SNR. 

 
Figure 7. Average BER of the different signal OAM states carried by the non-uniformly correlated 
high-order Bessel–Gaussian beams in the turbulent atmosphere against the beam width. 
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Figure 8 shows the SNR and average BER of the signal OAM state carried by the non-
uniformly correlated high-order Bessel–Gaussian beams affected by the strength of a tur-
bulent atmosphere. As shown in Figure 8, the SNR of the signal OAM state decreases 
when the strength of the turbulent atmosphere and the beam width increase (see Figure 
8a); this phenomenon can be interpreted as the purity of the signal OAM state decreasing 
due to the strong effect of the turbulent atmosphere. The variation trend of the average 
BER of the signal OAM state induced by the turbulent atmosphere is opposite to the SNR 
of the signal OAM state (see Figure 8b). 

 
Figure 8. (a) SNR and (b) average BER of the signal OAM state carried by the non-uniformly corre-
lated high-order Bessel–Gaussian beams with different beam widths against the strength of the tur-
bulent atmosphere. 

4. Conclusions 
In summary, the detection probability, SNR, and average BER of the signal OAM 

state carried by non-uniformly correlated high-order Bessel–Gaussian beams in a turbu-
lent atmosphere were derived. The theoretical calculations show that the detection prob-
ability of the signal OAM state decreases when the propagation distance, receiver aper-
ture diameter, strength of the turbulent atmosphere, and topological charge increase and 
the wavelength decreases. The SNR and average BER of the signal OAM state are affected 
by the beam width. The BER of the signal OAM state decreases with an increase in the 
SNR when a non-uniformly correlated high-order Bessel–Gaussian beam propagating in 
a weak turbulent atmosphere has a small beam width. Non-uniformly correlated high-
order Bessel–Gaussian beams carrying the OAM state might be very useful for FSO com-
munications. 
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